The purpose of this paper is to study and discuss the existence of common fixed points for weakly compatible mappings satisfying the generalized contractiveness and the (CLR)-property. Our results improve the corresponding results given in He et al. [X. He, M. Song, D. Chen, Fixed Point Theory Appl., 2014, 9 pages]. Moreover, we give some examples to illustrate for the main results.
Introduction
In 1922, Banach [5] proved the theorem which is well known as "Banach's Fixed Point Theorem" to establish the existence of solutions for nonlinear operator equations and integral equations. It is widely considered as a source of metric fixed point theory and also its significance lies in its vast applications. The study on the existence of fixed points of some mappings satisfying certain contractions has many applications and has been the center various research activities. In the past years, many authors generalized Banach's Fixed Point Theorem in various spaces such as quasi-metric spaces, fuzzy metric spaces, 2-metric spaces, cone metric spaces, partial metric spaces, probabilistic metric spaces and generalized metric spaces (see, for instance, [2, 3, 4, 7, 9, 15, 16, 17, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30] ).
On the other hand, in 2008, Bashirov et al. [6] defined a new distance so called a multiplicative distance by using the concepts of multiplicative absolute value. After then, in 2012, by using the same idea of Proposition 2.7 ( [18] ). Let (X, d X ) be a multiplicative metric spaces, {x n } and {y n } be two sequences in X such that x n → x ∈ X and y n → y ∈ X as n → ∞. Then d(x n , y n ) → d(x, y) (n → ∞).
Definition 2.8. The self-mappings f and g of a set X are said to be:
(1) commutative or commuting on X [10] if f gx = gf x for all x ∈ X; (2) weakly commutative or weakly commuting on X [21] if d(f gx, gf x) ≤ d(f x, gx) for all x ∈ X; (3) compatible on X [11] if lim n→∞ d(f gx n , gf x n ) = 1 whenever {x n } is a sequence in X such that lim n→∞ f x n = lim n→∞ gx n = t for some t ∈ X;
(4) weakly compatible on X [13] if f x = gx for all x ∈ X implies f gx = gf x, that is, d(f x, gx) = 1 =⇒ d(f gx, gf x) = 1.
Remark 2.9. Weakly commutative mappings are compatible and compatible mappings are be weakly compatible, but the converses are not true (see [11, 13] ).
Example 2.10. Let X = [0, +∞) and define a mapping as follows: for all x, y ∈ X, d(x, y) = e |x−y| .
Then d satisfies all the conditions of a multiplicative metric and so (X, d) is a multiplicative metric space. Let f and g be two self-mappings of X defined by f x = x 3 and gx = 2 − x for all x ∈ X. Then we have d(f x n , gx n ) = e |xn−1|·|x 2 n +xn+2| → 1 if and only if x n → 1 and lim
as n → ∞. Thus f and g are compatible. Note that
and so the pair (f, g) is not weakly commuting.
Example 2.11. Let X = [0, +∞), (X, d) be a multiplicative metric space defined by d(x, y) = e |x−y| for all x, y in X. Let f and g be two self-mappings of X defined by
By the definition of the mappings f and g, only for x = 2, f x = gx = 2 and so f gx = gf x = 2. Thus the pair (f, g) is weakly compatible. For x n = 2 − for all x ∈ X. Then, for the sequences {x n } and {y n } in X defined by x n = 1 n and y n = − 
The following is Banach's Fixed Point Theorem in multiplicative metric spaces, which was proved bÿ Ozavşar and Ç evikel. Then S, T, A and B have a unique common fixed point in X.
Common fixed points for weakly compatible mappings
In this section we prove some common fixed point theorems for weakly compatible mappings in multiplicative metric spaces.
Theorem 3.1. Let (X, d) be a complete multiplicative metric space. Let S, T, A, B : X → X be single-valued mappings such that S(X) ⊂ B(X), T (X) ⊂ A(X) and there exists λ ∈ (0,
for all x, y ∈ X and p ≥ 1, where ϕ : [0, ∞) → [0, ∞) is a monotone increasing function such that ϕ(0) = 0 and ϕ(t) < t for all t > 0. Suppose that one of the following conditions is satisfied: (a) either A or S is continuous, the pair (S, A) is compatible and the pair (T, B) is weakly compatible; (b) either B or T is continuous, the pair (T, B) is compatible and the pair (S, A) is weakly compatible.
Then S, T, A and B have a unique common fixed point in X.
Proof. Let x 0 ∈ X. Since S(X) ⊂ B(X) and T (X) ⊂ A(X), there exist x 1 , x 2 ∈ X such that y 0 = Sx 0 = Bx 1 and y 1 = T x 1 = Ax 2 . By induction, we can define the sequences {x n } and {y n } in X such that
for all n ≥ 0. Now, we prove that {y n } is a multiplicative Cauchy sequence in X. From (3.1) and (3.2), it follows that, for all n ≥ 1,
which implies that
3)
It follows from (3.3) and (3.4) that, for all n ∈ N,
Therefore, for all n, m ∈ N with n < m, by the multiplicative triangle inequality, we obtain
This means that d(y n , y m ) → 1 as n, m → ∞. Hence {y n } is a multiplicative Cauchy sequence in X. By the completeness of X, there exists z ∈ X such that y n → z as n → ∞. Moreover, since {y 2n } = {Sx 2n } = {Bx 2n+1 } and {y 2n+1 } = {T x 2n+1 } = {Ax 2n+2 } are subsequences of {y n }, we obtain
Next, we show that z is a common fixed point of S, T , A and B under the condition (a).
Case 1.
Suppose that A is continuous. Then it follows that lim n→∞ ASx 2n = lim n→∞ A 2 x 2n = Az. Since the pair (S, A) is compatible, it follows from (3.5) that
this is, lim n→∞ SAx 2n = Az. Using (3.1), we have
Taking n → ∞ on the two sides of the above inequality and using (3.5), we can obtain
This means that d(Az, z) = 1, this is, Az = z. Again, applying (3.1), we obtain
Letting n → ∞ on both sides in the above inequality and using Az = z and (3.4), we can obtain
This implies that d(Sz, z) = 1, that is, Sz = z. On the other hand, since z = Sz ∈ S(X) ⊂ B(X), there exist z * ∈ X such that z = Sz = Bz * . By using (3.1) and z = Sz = Az = Bz * , we can obtain
This implies that d(z, T z * ) = 1 and so T z * = z = Bz * . Since the pair T, B is weakly compatible, we have
Now, we prove that T z = z. From (3.1), we have
This implies that d(z, T z) = 1 and so z = T z. Therefore, we obtain z = Sz = Az = T z = Bz and so z is a common fixed point of S, T, A and B. Case 2. Suppose that S is continuous. Then lim n→∞ SAx 2n = lim n→∞ S 2 x 2n = Sz. Since the pair (S, A) is compatible, it follows from (3.5) that
this is, lim n→∞ ASx 2n = Sz. From (3.1), we obtain
Taking n → ∞ on the both sides of the above inequality and using (3.4), we can obtain
This means that d(Sz, z) = 1, this is, Sz = z. Since z = Sz ∈ S(X) ⊂ B(X), there exist z * ∈ X such that z = Sz = Bz * . From (3.1), we have
Letting n → ∞ on both sides in the above inequality and using Az = z and (3.5), we can obtain
which implies that d(z, T z * ) = 1 and so T z * = z = Bz * . Since the pair (T, B) is weakly compatible, we obtain T z = T Bz * = BT z * = Bz and so T z = Bz. By (3.1), we have
Taking n → ∞ on the both sides of the above inequality and using Bz = T z, we can obtain
This implies that d(z, T z) = 1 and so z = T z = Bz. On the other hand, since z = T z ∈ T (X) ⊂ A(X), there exist z * * ∈ X such that z = T z = Az * * . By (3.1), using T z = Bz = z, we can obtain
This implies that d(Sz * * , z) = 1 and so Sz * * = z = Az * * . Since the pair S, A is compatible, we have
and so Az = Sz. Hence z = Sz = Az = T z = Bz. Next, we prove that S, T, A and B have a unique common fixed point. Suppose that w ∈ X is another common fixed point of S, T, A and B. Then we have
which implies that d(z, w) = 1 and so w = z. Therefore, z is a unique common fixed point of S, T, A and B. Finally, if the condition (b) holds, then we obtain the same result. This completes the proof. 
Note that S is multiplicative continuous in X, but T , A and B are not multiplicative continuous mappings in X. Also, we have the following: (1) Clearly, S(X) ⊂ B(X) and T (X) ⊂ A(X). and, since ϕ(t) < t for all t > 0, we have and Hence we have
Case 4. If x = 2 and y ∈ [0, 1], then we have
Hence we have
Case 5. If x, y ∈ (1, 2], then we have
Then, as in all the above cases, the mappings S, T , A and B satisfy the condition (3.1) of Theorem 3.1. So, all the conditions of Theorem 3.1 are satisfied. Moreover, 
for all x, y ∈ X, p ≥ 1 and m, q ∈ Z + , where ϕ : [0, ∞) → [0, ∞) is a monotone increasing function such that ϕ(0) = 0 and ϕ(t) < t for all t > 0. Assume the following conditions are satisfied: (a) the pairs (S, A) and (T, B) are commutative mappings; (b) one of S, T , A and B is continuous.
Proof. From S(X) ⊂ B(X) and T (X) ⊂ A(X) we have
Since the pairs (S, A) and (T, B) are commutative mappings, we have
that is, S m A = AS m and T q B = BT q . It follows from Remark 2.9 that the pairs (S p , A) and (T q , B) are compatible and also weakly compatible. Therefore, by Theorem 3.1, we can obtain that S m , T q , A and B have a unique common fixed point z ∈ X.
In addition, we prove that S, T , A and B have a unique common fixed point. From (3.6), we have Now, if we take ϕ(t) = t and p = 1 in Theorem 3.1, then we have the following result. Suppose that one of the following conditions is satisfied: (a) either A or S is continuous, the pair (S, A) is compatible and the pair (T, B) is weakly compatible; (b) either B or T is continuous, the pair (T, B) is compatible and the pair (S, A) is weakly compatible.
Now, if we take ϕ(t) = t and p = 1 in Theorem 3.3, then we have the following result. 
